Uncertainty: A Reading Guide and Self-Paced Tutorial

First, read the description of uncertainty at thie Experimental Uncertainty Review, up to and
including Rule 6, making sure you understand whatheant by "measurement uncertainty”, and
"worst case analysis". Now you are ready to test ymderstanding by working through this
tutorial. As you read along, think about the questj and fill in the numbered blank spaces. You
can check your answers against the "key" on thepkage.

We begin by reviewing the conceptragasur ement uncertainty. To start practicing the cases
described in the linEExperimental Uncertainty Review, pretend you want to measure the thickness
of your physics text. As a first try, you use aspiaruler from the bookstore. The markings on the
ruler are 0.1 cm apart, the markings themselvesapp be 0.01 or 0.02 cm thick, and the first (O
cm) mark seems to be 0.01 cm away from the enleofutler. You lay the book face up on a desk,
stand the ruler on end alongside the book, andtogke how the top of the book lines up with the
ruler markings. It lines up beautifully with theédcm mark. Now, test your judgment by filling in
the blanks before looking at the answer key. Whth information, you are justified in saying that
the measurement uncertainty is:

measurement uncertainty = .

The thing to remember about this is that there gsohique answer! Your uncertainty estimate will
to some extent reflect how conservative a persaenaye. If you knew beforehand that someone
with a very precise measuring device had meastietdok's thickness, and you'd get a $500
reward if your uncertainty range included the &g measurement, you'd probably make a
larger uncertainty estimate. In any event, yotinmege should have been one of those in the
answer key. If you aren't sure why, ask when yaueto lab.

In the second approach Experimental Uncertainty Review, you measure the thickness of the
book as before, but at different places arouncetlge of the book, perhaps at each corner and at
the center of each side. The measurements givieltbeiing results, where estimates for
hundredths are included:

5.02 cm, 5.10 cm, 5.10 cm, 5.26 cm, 5.31 cm, BrA15.29 cm, 5.20 cm
With this information, you should record the "mea&snent uncertainty" as:
measurement uncertainty =2 .

This time the answer in the key is slightly on tieaservative side. You would be justified in

giving an answer half as large. Remember, uncei¢giaren't exact: they just indicate the "order

of magnitude” to which a result is believable. Bos reason, you should always state uncertainties
to one "significant figure", e.g. you could answle last question with either 0.2 cm or 0.1 cm,

but not 0.15 cm.

The results of the two approaches above are typita thickness obtained from a single
measurement in the first approach turned out tatlome end of the range of values measured in
the second, and the measurement uncertainty estinrathe first approach was significantly



smaller than that in the second. For this reasenask you to "justify” your measurement
uncertainties by using the second method, i.e. maleast three independent measurements of the
guantity, taking turns with your lab partner, andrtg not to remember the last result when

finding the next. This sounds like extra work, bhutrely takes more than a minute, and

remember, we only require this "three trials, aléting partners” (or "3XAP") approach the first
time you make a particular kind of measurementrdéiter, you may simply use the same
measurement uncertainty, justifying it by referrlvack to this first instance by giving its page
number.

The final scenario iExperimental Uncertainty Review can be illustrated by imagining that you're
measuring the period of a pendulum, the time iésal go through one complete swing, from left
to right and back to left again. You use an elestrdiming circuit that displays to the nearestl0.0
sec. You and your lab partner take turns makingdahewing five measurements:

2.00 sec, 2.00 sec, 2.00 sec, 2.00 sec, 2.00 sec

Since all measurements gave the same result,éhsurement uncertainty is > . This is
because the smallest scale division on the measimstrument is 0.01 sec.

When you know the uncertainty in a measurement,cgm write the result with the correct
number ofsignificant figures. This refers to the digits in a numerical residt, the digit 3 in the
result 932.47 is the tens digit, while the 7 ishli@dredths digit. Suppose you measure something
once, and obtain 932.47 meters as the result. Ve tepeat the measurement many times, and
find that the hundreds digit (9) and the tens di8jtalways come out the same. However, the units
digit (2) is a 1 in 25% of the measurements, a 20%, and a 3 in the remaining 25%, and the last
two digits (tenths and hundredths) vary randomlgrail the possibilities from 0 to 9. In this case
the first two digits are definitely significant, dsuse they have the same value in every
measurement. The last two digits are insignifickatause the measurements don't tell you
anything about their actual values. The units dgyiiorderline; it's not completely random but not
completely reproducible either. We call it sign#fit however, because the series of measurements
does narrow it down quite a bit. It's definitelyrs®mwvhere between a 1 and a 3, and is most
probably a 2. Significant figures are the digitattare at least partly predictable after a serfies o
trial measurements.

In this manual, we use the wordgnal result” to mean the result of a series of at least fikz<,
written so that only significant figures appearthwthe measurement uncertainty and appropriate
units included. The final result of the measuremmémthe previous paragraph would be 932
meters + 1 meter, or (932 + 1) meters.

Now we move on tavor st case analysis. Suppose you want to determine the speed of a&jogg
by measuring the time spent jogging a certain degaThe results of your measurements are:

distance = (100.0 = .5) meters
time = (36.2 + .1) sec

Using speed = distance/time, a worst case analysiscertainty for the jogger's speed looks like:



most probable ("best") speed = ¢ )/(36.2 sec) = 2.762430939 m/s
largest possible (“max") speed = (100.5m)f_) = 2.783933518 m/s
smallest possible ("min") speed = ¢ )/((_ " )=2.741046832 m/s

Did you notice that to get the "max” speed you toaplut the "min" time in the denominator, and
vice-versa? Some people are startled by this,flyat think about what you're doing it makes
perfect sense! Speed increases if it takes a stionie to cover the distance. The above analysis
yields the following "final result” for the speed:

speed = (2.76 = .02) m/s.

Note that in the calculation of the max, min, &edt speeds, it's OK to write a ridiculously large
number of figures after the decimal point, becauseonly by comparing these three values that
we decide how many of these figures are significdimce the uncertainty in the speed is about
two hundredths of a meter per second, it wouldrljle®t be sensible to specify the thousandths
digit or any of the digits farther to the righttble decimal. That's why the final result is written
with only the two significant digits after the dewl point. Remember, the uncertainty part of the
final result has only one significant figure, ahe humber of decimal places is the same in both
the final value and its uncertainty. Another thtogiotice is the set of parentheses written in the
final result. These indicate that the units, mpglato both the speed, 2.76 m/s, and its
uncertainty, 0.02 m/s. You could write speed = 21§ + .02 m/s, but it would be incorrect to
write speed = 2.76 m/s + .02 or to write speed/ 2 .02 m/s.

Suppose that as a good experimentalist, you wadateztiuce the uncertainty in your result.
Obviously, you need to reduce the measurement tancees in the distance and time. But which
of these is most important? To answer this questu@want to find out how much of the final
uncertainty in the speed is due to the distancesarement, and how much is due to the time
measurement. We therefore consider each measursemarately, a technique called partial
uncertainty analysis. To begin, let's ignore theantainty in time, and focus on the uncertainty in
distance. We calculate the speed twice, usinglibst” value for the time in both calculations, but
using the max distance in one and the min distantiee other:

1) "best" time, "max" distance:
speed = 100.5m/36.2 s =2.776243094 m/s
2) "best" time, "min" distance:
speed =99.5m/36.2 s =2.748618785 m/s
The difference between these two results is 0.D2369 m/s. Because best values are usually
about halfway between the corresponding max andvalires, we divide this difference in half to

find out the amount of uncertainty in the speed ihaaused just by the distance measurement:

Partial uncertainty in speed due to the distancasonement =.013812154 m/s
=.014 m/s.



To find the partial uncertainty due just to thedimeasurement, we ignore the uncertainty in
distance, holding the distance constant at its\mdae, but varying the time from max to min:

3) max time, best distance:

speed = 100 m/ 36.3 s = 2.754820937 m/s
4) min time, best distance:

speed =100 m/ 36.1 s =2.770083102 m/s

As we saw earlier, putting in the max time givesia speed, and vice-versa, since time is in the
denominator. But we don't care about that, weyastt to know the range over which the speed
varies when the time is varied from max to min.fHails range is the partial uncertainty we seek:

Partial uncertainty in speed due to the time megsent =.007631082 m/s
=.008 m/s

Now compare the two partial uncertainties. The dune to distance, .014 m/s, is almost twice as
large as the .008 m/s due to time. That tells asithmakes more sense to try to reduce the
uncertainty in the distance measurement than t& woeimproving the time measurement. Of
course, the sum of the two partial uncertainti@d8 .m/s + .014 m/s = .022 m/s, the same total
uncertainty we got in our original worst case asisly

Why calculate partial uncertainties instead ohdat all at once as in our original worst case
analysis? One reason is so we can see which measuireontributes the most uncertainty to the
final result. Another is that in many cases youtodecide whether to put the max or the min into
the formula when you're trying to calculate the fstcase”. As an example, look at the following
formula::

R _ (LZ +d2)
2d

Here R is calculated from measurements of L an8wuppose you were doing a worst case
analysis, and wanted to calculate the largest plesBi. Obviously, you would plug in the max L
because L is in the numerator. But what abouSdite d appears in both the numerator and the
denominator, it's very difficult to see in advandeether you should use its max or min value get
the biggest R. By doing partial uncertainties, gwoid having to deal with this kind of puzzle.

Now you can practice what you've learned, usimgatove formula for R. Suppose you have just
measured the following:

L =(25.4 £0.2) mm.
d=(2.0£0.1) mm

First, we find the best R, by plugging the bestiga of L and d into the formula:
BestR=( % )



Next, let's do the trickier of the two partial en@inties, the one with respect to d. We plug in
the best L, vary d from max to min, and note thengje in R:

1) max d, best L:

R =[(25.4)2+( ° H)21/[@) (_* ) mm
= 154.6595238 mm
Some people get confused with this calculationabee they wonder if they should insert the
max d in the numerator and the min d in the denatom or if they should put the max d in both
places. But if you remember that we're asking "Winatlld R be if d were 2.1 mm instead of 2.0
mm?", the answer should be clear. When d is 2.1 iMs2.1 mm in the numerator and also in the
denominator - it's impossible for d to be 2.1 mrd &r® mm at the same time! Let's continue our
search for the partial uncertainty in R with redpged:

2) min d, best L:

(25.4)2 + (M )2]/[(2) (_ ) mm

R =]
=170.7289474 mm.

To get the partial uncertainty, we take the® , divide by ** | and get rid of at least the
wildly insignificant figures, with the result thtite partial uncertainty in R with respecttod = 8
mm.
Next, we pretend there's no uncertainty in d, ao# kbt the effect of the uncertainty in L:
3)bestd, max L: R=(* )
4)bestd, minL: R=('® )

This tells us that the measurement.of {’ ) causes the most uncertainty in our final ltefen
R, and that the final result for R is:

R=[(_® )+ )mm.

Are you surprised by the answer in the key? Perlgapexpected it to say something like R = 162
mm + 8 mm. That isn't a terribly unreasonable amsiugt if the uncertainty were 18 mm you
would surely round it up to 20mm and say R = (1&D}tmm, so you should really round the 8
mm up to 10 mm as well. The cases you'll find hsirtle decide are the ones like 134 + 8, or 135 £
7! Do you say 130 = 10, 140 £10, or what? Prob#idybest answer is to leave them as they are,
without rounding the uncertainty up to 10, but dbe’come paranoid about it - we'll be
sympathetic in situations like this! But we'll algo berserk if we see something like 134.3279 +
6.6342771!

If you're afraid that you're in for lots of tedoand repetitive calculations, take heart! It tuwos
that the procedure described above is really simptefast if you do it in Excel, the software



package provided on the lab computers and on ti@weswide network. The tutorial you are
reading now is just meant to explain what partratertainties are, and they do involve repetitive
calculations, but that's exactly the kind of thatgvhich computers are great, so take the time to
learn about Excel, and you'll find that partial artainty analysis is a snap!

The last thing to learn about uncertainty is tia@dard deviation approach. This method is based
on probability theory, which we don't want to getioi here. Take a look now at the last part of
Experimental Uncertainty Review in the lab manual, without paying too much at@mtio the

formula you see there. Note that when you takebyrénfinitely) large number of measurements,
the results will be distributed around the avenagee as shown by a "bell-shaped curve”, and that
68.3% of your results will fall within one standatdviation,c, of the average. That means that if

you make a single measurement, there is a 68.3%celthat it will fall within £6 of the average,
and you can say that the uncertainty in one meamneis the standard deviation.

Although individual measurements "jump aroundtyy, the average dfl measurements is
much more stable. According to "Rule 11"E6perimental Uncertainty Review, the uncertainty in
the average is given by'\/ﬁ if N is large. Since this is an introductory lai®'ll be content to
say that "largéN" meansN > 10! So in this lab, if you measure something astd.0 times, you
can say that (1) the most probable result is sirtiyaverage of the data values, and (2) the
uncertainty in the average is the standard deviatieided by the square root of the number of
measurements. Naturally, the Excel tutorial willde you how to find standard deviations in a
very simple and speedy way.

In conclusion, you can say that your "final restdr a measurement that you've made at
least 10 times is:

“final result" = (average value) * (standard aiain//N ),

whereN is the number of trials.

Answer Key:

1. 0.01 cm, 0.02 cm, or 0.03 cm. 14. 2

2. 0.2cm. 15. 164.84 mm
3 0.01s 16. 159.76 mm
4. 100.0 m 17. d

5. 36.1s 18. 160

6. 99.5m 19. 10

7. 36.3s

8. 162.29 mm

9. 21

10. 2.1

11. 1.9

12. 1.9

13. difference



